Abstract. We answer a question of M. Gromov on the waist of the unit ball.
In [3] Gromov proved that for any continuous map f : R n → R k , where we fix a Gauss measure γ in R n , there exists a fiber f −1 (y) such that any its t-neighborhood has measure γ(f −1 (y) + t) (we denote t-neighborhood simply by +t) at least the measure of a t-neighborhood of a linear subspace R n−k ⊂ R n . He also sketched the proof of a similar fact for the round sphere S n with its uniform measure, later presented in a detailed form by Memarian [6] . Those results were strong versions of so called waist inequalities, that is inequalities that guarantee that some fiber f −1 (y) is big in a certain sense.
One reasonable way to measure fibers is to use its lower (n − k)-dimensional Minkowski content defined by
where n is the dimension of the ambient Riemannian manifold, vol n is a the Riemannian volume of this ambient space, v k is the volume of the unit Euclidean k-dimensional ball. The results of Gromov and Memarian directly imply that for any continuous f : S n → R k some fiber f −1 (y) has the lower Minkowski content at least that of the standard equatorial S n−k ⊂ S n . Not much was known about the (Minkowski content) waists of spaces other than spheres, already the cases of the unit cube and the unit Euclidean ball were not known until recently. Answering a question by Gromov and Guth and generalizing the theorem of Vaaler [7] , Klartag showed in [5] that for any continuous map f : (0, 1) n → R k some fiber f −1 (y) has
The idea was to: (A) transport a Gaussian measure with density e −π|x| 2 on the whole R n to (0, 1) n by a map T : R n → (0, 1) n defined coordinate-wise; (B) use the mentioned theorem of Gromov to estimate the measure of the t-neighborhood of the fiber of the composed map f • T ; (C) use the Lipschitz property of T to have the similar estimate for a t-neighborhood of f −1 (y); (D) go to the limit t → 0, as it is required in the definition of the Minkowski measure.
We use an analogous argument to answer another question of Gromov [3, Question 3.1.A] about the ball in place of the cube:
n ⊂ R n be the round unit ball. Then for any continuous f :
and the estimate is evidently tight for linear f .
Remark 2. We could invoke the generalization [4] of the sphere waist theorem for continuous maps to arbitrary k-manifolds in place of R k resulting in replacing R k with an arbitrary kmanifold in this theorem. Proof of the theorem. Consider the orthogonal projection P :
as the standard unit sphere. It is known (the theorem of Archimedes [1] , see also [2, Lemma 3] ) that this map sends the uniform measure σ on S n+1 to the uniform Lebesgue measure in B n up to constant 2π. The constant can be seen as follows: Let v n be the total volume of B n and let s n+1 = (n + 2)v n+2 be the total measure of S n+1 ; from the formula v =
we infer s n+1 = 2πv n . Now apply the waist of the sphere theorem of Gromov and Memarian [3, 6] to find y ∈ R k such that any t-neighborhood of (f •P ) −1 (y) has measure at least the measure of the t-neighborhood of the equatorial (n+1−k)-sphere S n+1−k ⊂ S n+1 . We are not going to write down the formula, but in the asymptotic form this is going to be (we assume t → +0) (1)).
Since the projection P is evidently 1-Lipschitz, the t-neighborhood of f −1 (y) contains the projection of the t-neighborhood of (f • P ) −1 (y), so we have (not forgetting the normalization)
Passing to the limit, we obtain for the lower Minkowski content
Remark 3. In [3, Question 3.1.A] Gromov generally asked about the assumptions on a rotation invariant measure in R n that guarantee a waist inequality with extremum attained at the (n−k)-plane through the origin, noting that this was not even known for the uniform measure in the ball. Theorem 1 answers the latter question about the ball affirmatively, if we understand the (n − k)-volume of a fiber as the Minkowski measure. Extending the argument in the straightforward way, it is possible to show that the waist is attained at the (n − k)-plane through the origin for all measures in R n obtained by orthogonal projection of the uniform measure of a sphere in higher dimension R N , N > n. There remains an open question about the waist theorem for the ball in the sense of GromovMemarian, estimating the n-volume of any t-neighborhood of a fiber. Our proof gives some inequality by taking the estimate from the sphere, but this inequality is evidently not tight, unless we go to the limit t → +0.
Now we follow [5, Corollary 5.3] and prove
Corollary 4. Consider an ellipsoid E with principal axes a 1 ≤ a 2 ≤ · · · ≤ a n and a continuous map f :
The proof of this corollary consists in considering the evident linear map
−1 (y) ≥ v n−k and applying the following theorem to the map L: 1 , a 2 x 2 , . . . , a n x n ) with 0 < a 1 ≤ a 2 ≤ · · · ≤ a n has the property
We will prove the upper bound, the lower bound follows from the upper bound for L −1 . The proof of this theorem decomposes into several lemmas.
Proof. Follows from the facts that L(X +t) = L(X)+λt and vol n L(X +t) = λ n vol n (X +t).
Proof. We observe that vol n L(X + t) = a vol n (X + t) and L(X + t) ⊇ L(X) + t, and deduce
Proof. We show that the intersection of X + t with any line parallel to 0x 1 axis has length at least that of (L(X) + t) ∩ and the result follows by the Fubini theorem. Every point x ∈ X contributes a segment into (X + t) ∩ , the point L(x) contributes to (L(X) + t) ∩ a segment of the same length. So we have one set of segments of given lengths and the other set of segments of the same length with centers shrunk with factor a. So we have one set of segments of given lengths and the other set of segments of the same length with centers shrunk with factor a; and need to show that the total length of the union of segments is greater for the first family. Indeed, 1 any connected component of the first union of segments does not increase in diameter when passing to the second family of segments, and the components may merge, thus the total length cannot increase. Now to prove Theorem 5 we represent L as the composition of 1) the homothety with coefficient a n−k+1 , Lemma 6 gives factor a k n−k+1 ; 2) the scalings of the last k − 1 coordinates by a n−k+2 /a n−k+1 , . . . , a n /a n−k+1 , Lemma 7 accumulates the factor a n−k+2 . . . a n /a k−1 n−k+1 ; 3) the scalings of the first n − k coordinates by a 1 /a n−k+1 , . . . , a n−k /a n−k+1 , Lemma 8 shows M k does not increase. The total collected factor is then a n−k+1 . . . a n , proving the upper bound in Theorem 5. Corollary 9. Consider a parallelotope P = (0, a 1 )×· · ·×(0, a n ) with dimensions 0 < a 1 ≤ a 2 ≤ · · · ≤ a n and a continuous map f : P → R k . There exists a fiber f −1 (y) with M n−k f −1 (y) ≥ n−k i=1 a i .
